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Abstract— In this paper we introduce the concept of A -open set and by using this set we define generalized A -closed set we obtain
some of its properties and also we define (4,y)" -continuous function and study some of its basic properties.

*
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1 INTRODUCTION

HE study of semi open sets and semi continuity in topo-

logical spaces was initiated by Levine [5]. Analogous to

the concept of generalized closed sets introduced by Lev-
ine [6], Bhattacharya and Lahiri [3] introduced the concept of
semi generalized closed sets in topological spaces. Kasahara
[4], defined the concept of an operation on topological spaces
and introduced the concept of closed graphs of a function.
Ahmad and Hussain [2], continued studying the properties of
operations on topological spaces.

In this paper, we introduce new classes of sets called A -
open and generalized A -closed sets in topological spaces and
study some of their properties. By using these sets
we define A -T,, space and introduce the concept of
(A,7)" -continuous functions and study some of their basic
properties.

2 PRELIMINARIES

Throughout, X denote topological spaces. Let A be a subset
of X , then the closure and the interior of A are denoted by
CI(A) and Int(A)respectively. A subset A of a topological
space (X ,7)is said to be semi open [5] if A cCl(Int(A)). The
complement of a semi open set is said to be semi closed [5].
The family of all semi open (resp. semi closed) sets in a topo-
logical space (X ,7)is denoted by SO(X,r) or SO(X) (resp.
SC (X ,r)or SC(X)). We consider 4 as a function defined on
SO(X) into P(X)and A4:SO(X)—>P(X)is called an s-
operation if V < A ) for each non-empty semi open set V . It
is assumed that A(¢)=¢ and A(X )=X for any s-operation A.
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3 A-OPENSET

Definition 3.1. [1] Let(X,r) be a topological space and

A:SO(X) —>P(X) be an s-operation, then a subset A of X is
called a 1 -open set if for each x €A there exists a semi open
set U such that x eU and AU) cA.

The complement of a A -open set is said to be A -closed. The
family of all 1 -open (resp., 4-closed ) subsets of a topologi-
cal space (X ,r)is denoted by SO,(X,zr) or SO,(X) ( resp.,
SC,(X ,7) or SC,(X) ).
Proposition 3.2. For a
(X ,7), SO, (X ) =SO(X ).

Proof. Obvious

The following examples show that the converse of the
above proposition may not be true in general.
Example 3.3. Let X ={a,b,c}, and r={p{a} X }. We define an
s-operation 4:SO(X)—>P(X) as A(A)=A if beAand

A(A) =X otherwise. Here, we have {a,c} is semi open set but it
is not A -open.

topological space

Definition 3.4. Let (X ,7)be a space, an s-operation A is said
to be s-regular if for every semi open sets U and V of x eX,
there exists a semi open set W containing x such that

AW ) c AU) N AV).

Definition 3.5. Let(X ,7) be a topological space and let A be a
subset of X . Then:
(1) The A-closureof A (ACI(A)) is the intersection of
all 4 -closed sets containing A
(2) The A-interior of A (AInt(A) )is the unionof all 4 -
open sets of X contained in A
(B) Apoint x eX,issaid to bea A-limit point of A if
every A-open set containing X contains a point of
A different from X, and the set of all A -limit points
of A is called the A -derived set of A denoted
by Ad (A).
Proposition 3.6. For each point x e X, x e ACI(A) if and only

if VnA=¢, foreveryV €SO,(X) suchthat x €V.
Proof. Straightforward.
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Proposition 3.7. Let{A,} _, be any collection of A-open
sets in a topological space (X r) then |J A, isa A -open set.
Proof. Let x U A, then there exist %‘zoe'el such that x €A,
since A_is a A <Open set for all « <1 implies that there exists
a semi open set U such that AU)c=A, = UA,. There-
fore UA, isa A -open subset of (X ,7).

The followmg example shows that the intersection of two

A -open sets need not be A -open.

Example 3.8. Let X ={a,b,c} and z=P(X). We define an s-
operation A4:SO(X)—> P(X) as A(A)=A if A={a},{o} and

A(A) =X otherwise. Now, we have {a,b} and {b,c} are A-
open sets but {a,b}{b,c}={b} is not A -open.

Proposition 3.9. Let A be an s-regular s-operation. If A and
B are A -opensetsin X ,then ANB isalsoa A -open set.

Proof. Let x eAnB then X €A and X €B. Since A and
B are A -open sets, there exists semi open sets U and V such
that X eU and AU)cA, X €V and AV )c<B. Since 4
is a s-regular s-operation, this implies there exists a semi open

set W of X suchthat AW )cAU)NAV )cANB.
This implies that A MB is A -open .

Proposition 3.10. Let (X ,7) be a topological space and
A c X. Then Ais aﬂ-closed subset of X if and only if
A4 (A) CA.

Proof. Obvious.

Proposition 3.11. For subsets A,B of a topological space
(X', 7), the following statements are true.

1 AcACI(A).

@ ACI(A) is A -closed setin X .

@) ACI (A) is smallest A -closed set which contain A.

@ Ais A-closed set if and only if A = ACI (A).

) AClI(¢)=¢ and ACI(X)=X.

(6) If A and B are subsets of space X with A < B.
Then ACI (A) < ACI (B).

(7)  For any subsets A, B of a space (X T ) ,
ACI(A) U ACI(B) c ACI(AUB).

(8) For any subsets A, B of a space (X T ) ,
ACI(ANB) = ACI(A) N ACI(B).

Proof. Obvious.

Proposition 3.12. Let(X ,7)be a topological space and
A ¢ X. Then ACI(A)=A U Ad (A).
Proof. Obvious.

Proposition 3.13. For a subset A of
OC,7),  AInt(A)=A\Ad (X \A).
Proof. Obvious.

Proposition 3.13. For any subset A of a topological space
X .The following statements are true.

@ X\AInt(A)=ACI(X \ A).
@ ACI(A)=X\AInt(X \ A).
@) X\ACI(A) =AInt(X \ A).
@ Alnt(A)=X\VACI(X \ A).

Proof. Obvious.

a topological space

Theorem 3.14. LetA,Bbe subsets of X If
A:SO(X ) — P (X)) is an s-regular s-operation, then:
@ ACI(AuUB)=ACI(A)UACI(B).

@ AInt(ANnB)=AInt(A)nAInt(B).

Proof. Obvious.

4 GENERALIZED A -CLOSED SETAND A -T,,, SPACE

In this section, we define a new class of sets called generalized
A -closed set and we give some of its properties.
Definition 4.1. A subset A of a topological space (X ,7) is
said to be generalized A -closed ( briefly. g-A -closed) if
{L)?K/)A\)CU whenever A C U and U is a A -open set in
T

We say that a subset B of X is generalized A -open (brief-
ly. g-A-open) if its complement X \B is generalized A -
closed in (g)(

In the followmg proposition we show every A -closed sub-
set of X is g- A -closed.
Proposition 4.2. Every A -closed set is g- A -closed.
Proof. A set A cCXis A-closed if and
ACI(A % A. Thus ACI(A) c U for
U € SO, (X) containing A.

The reverse claim in the above proposition is not true in
general. Next we give an example of a g- 4 -closed set which is
not A -closed.

only if
every

Example 4.3. Let X ={a,b,c}, and 7 =P (X ). We define
an s-operation 1:S0(X)— P(X)as ﬂ(A) Aif A {a}
and A(A) =X otherwise. Then, if we let A ={a,b}, and
since the only A -open supersets of A is X, so A is g- A -closed
but it is not A -closed.

Proposition 4.4. The intersection of a g- A -closed set and a A -
closed set is always g- A -closed.
Proof. Let A be g- A -closed and F be A -closed. Assume that

Uis A-open set such that ANFcU, set
G =X \F.Then A cU UG, since G isA -open, then
UuGis A-open and sinceAis g-A-closed, then

Proposition 3.8,

ZC|EA)CU UG, Now by
ACIANE) < ACI(A) A ACI(F) =
ACI(A)NF c U UG)nF= U nF)uUG nF) =
UnF)u ¢cU.

The union of two g- A -closed sets need not be g- A -closed,
as it is shown in the following example:

Example 4.5. Let X —{ab C} and 7= P(X) We define

an s-operation A4:S0 (X ) P (X )as
AA)=A , if A=gor {ab}or {ac}or {b,c}
A(A)=X, otherwise

Then, if A={a} and B ={b}. So, Aand B are g-1-
closed, but A UB ={a, b%m not a g- A -closed, since {a,b}
is A -openand ACI({a,b}

Theorem 4.6. If A1:SO(X )—>P(X )is a s-regular s-operation.
Then the finite union of g-A -closed sets is always a g-A -
closed set.

Proof. LetA andB be two g-A-closed sets, and let
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A UB cU, where U is A -open. Since A and B are ¢g-1 -
closed sets, therefore ACI(A) cU and ACI(B) cU implies
that ACI(A) U ACI(B) cU. But by Theorem 3.11, we have
ACI(A) U ACI(B) = ACI(AU B). Therefore
JCI(A UB) cU.Hence we get A UB is ¢- A -closed set.

The intersection of two g- A -closed sets need not be g- A -
closed, as it is shown in the following example:
Example 4.7. Let X ={a,b,c}, and 7 =P (X ).We define

an s-operation A:SO(X)— P(X)as:
AA)=A , if A={a} and A(A)=X , otherwise .

Then the sets A ={a,b} and B ={a,c} are g-A -closed
sets, since X is their onlyA-open superset. But
C= =ANBis not g- A -closed, since
C c{a}eSO,(X) and ACIC)=X z{a}

Theorem 4.8. If a subset A of X is g-A-closed and
Ac B c ACI(A), then B isa g-A -closed setin X .
Proof. Let A be g- A -closed set such that A< B < ACI(A).
Let U be a A -open set of X such that B cU. SinceA is g-
A-closed, we have ACI(A)cU. Now ACI(A)c
ZC|(B) < ACI(ACI(A)) = ACI(A) cU. That
is ACI(B) c U, where U is A -open. Therefore Bisa g-A -
closed setin X .
The converse of the Theorem 4.8 need not be true as seen
from the following example.
Exam Let X ={a,b,c}, with
{p {a}, {c} {a chH{b,c}H X} Let 4:50(X) ->P(X)be
A -identity s-operation. If A ={a} and B ={a,b}. Then
A and Bare g A-closed sets in(X,7). But
AcBU ACI(A).
Theorem 4.10. Let 1:SO(X) —P(X) be an s-operation. Then
for each X € X , {X} is A -closed or X \{X} is g- A -closed
in (X ,7).
Proof. Suppose that{X }is not A -closed, then X \{X }is not
A-open. Let U be anyAd-open set such that
X \{Xx}<U ,then U =X .Therefore ACI(X\{x})cU.
Hence X \{X }is g- A -closed.

Proposition 4.11. A subset A of (X ,7) is g- A -closed if and
only if ACI({X}) A # @, holds for every X € ACI(A).
Proof. LetU be aA-open set such that AC U and let
x € ACI(A). By assumption, there exists a point
2 ACI({x}) and z € A cU. 1t follows from Proposition
3.6, that U m{x} # ¢, hence x € U, implies ACI(A) cU.
Therefore A is g- A4 —Closed

Conversely, sup that X € ACI(A) such
that ACI({x}) " A= ¢ Slnce, ACI({x}) is A -closed.
Therefore, X\ACI({X}) is A-open set in X .Since
A cX\Cl{xPDand A is g-A-closed implies that

ACI(A) =X \ACI({x}) holds and hence x ¢ ACI(A) a contradic-
tion. Therefore ACI({X}) N A= ¢.

Theorem 4.12. If a subset A of X is g-A-closed set in
X .Then ACI(A) \ A does not contain any non empty A -

closed setin X .

Proof. Let A be a g-A -closed set in X .We prove the result
by contradiction. Let F be a A-closed set such that
FcACI(A)\A and F #@.Then F <X \A which

implies A < X \F. Since A is g-A-closed and X \F is

A-open  set,  therefore  ACI(A) < X \F,  that
isF < X \ACI(A).
Hence F < ACI(A) N X \ ACI(A) = ¢.This shows that

F =¢ which is a contradiction. Hence ACI(A) \ A does
not contains any non empty A -closed setin X .

Lemma 4.13. Let A be a subset of a topological space (X ,7).
If Ad(A)cU for U is A -open, then Ad(Ad(A))cU,
where A is s-regular.

Proof. Suppose XeAd(Ad(A))but X gU.Then
X Ad(A)and so, for someAd-open set V ,X €V and
AV c{x}, but X e Ad(Ad(A))implies that there exists
ye Ad(A)NV\{x} . Now, y eU "V and y e Ad(A)
and so ¢g#ANUNV X \{y}c AnV < {x} It fol-

lows that X €U which is contradiction.

Theorem 4.14. If A is s-regular s-operation, then theA -
derived set is g- A -closed.

Proof. If A is any subset of a topological space (X ,7) with
Ad(A)cU for U is A-open. Then by Lemma 4.13
ACI(Ad(A)) = Ad (Ad (A)) U Ad (A) cU.

Theorem 4.15. A subset A of a topological space (X ,7) is g-
A -open if and only if F < AInt(A) whenever F < A and
F is A -closed in (X ,7).
Proof. Let A be ¢g-A-open and F < A where Fis A-
closed. Since X \A is g-A-closed and X \F is a A -open
set containing X \A implies ACI(X\A)c X \F. By
Proposition  3.10, X\ AInt(A) < X\ F. That is
F cAInt(A).
Conversely, suppose that F is A -closed and F C A, im-
plies that F < AINt(A). Let X \AcU,where U isA-
open. Then X \U A, where X \U is A -closed. By hy-
pothesis X \U < AInt(A).That is X \AInt(A)cU and
then by Proposition 3.10, ACI(X \ A) cU.This implies
X \Aisg-A -closed and A is g- A -open.

The union of two g- A -open sets need not be g- A -open. As
it is shown in the following example:
Example 4.16. Let X ={a,b,c}, and 7=P (X ). We define
an s-operation A:SO(X)—>P(X) asA(A)=Aif
A={p}and A(A)=X if A={} 1 A={a}and
B={c}, then Aand Bare g-A-open sets in X, but
AuB ={a,c} B ={a,c}isnota g-A -opensetin X .

Theorem 4.17. Let 1:SO(X ) —>P (X ) be a s-regular s-
operation and let A and B be two g- A -open sets in a space
X ,then ANB isalso g-/l -open.

Proof. If A and B are g-A -open sets in a space X .Then
X \A and X \B are g- A -closed sets in a space X . By The-
orem 4.6, X \AUX \B is also g- A closed set in X .That is
X\VAUX \B =X \(ANB) is ag-A-closed set in X .
Therefore A NB isa g-A -opensetin X .

Theorem 4.18. A set Ais g-A-open if and only if
AINt(A)UX\VAcGand G is A -open implies G =X .

Proof. Suppose that A is g-A -open in X .Let G be A -open
and AInt(A)U X \VACG. This implies
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X \G =X \(ZInt(A) UX \A)=X \AInt(A) ~A. That is X \G <
X VANt (A))\(X \A). Thus X \G < ACI (X \A)\(X \A), since
X\AInt(A)= ACK X\ A Now, X \G is A -closed
and X \A is g- A -closed, by Theorem 4.12, it follows that
X \G =¢. Hence G =X .

Conversely, let AINt(A)UX\VACG and G is A -open, this
implies that G =X . Let U be a A-open set such that
X \A cU. Now AInt(A)u X\ Ac AInt(A) WU which
is clearly, A-open and so by the given condition
AInt(A)uU =X, which implies that ACI(X \ A) cU.
Hence X \A is g- A -closed, therefore A is g- A -open.

Theorem 4.19. Every singleton set in a space X is either g- A -
open or A ~closed.

Proof: Suppose that{X }is not g- A -open, then by definition
X \{Xx}is not g-A -closed. This implies that by Theorem
4.10, the set {X }is A -closed.

Theorem 4.20. If AINt(A)c B A and Ais g-A-open,
then B is g- A -open.

Proof. AINnt(A)cBcC A implies
X\VAC X\Bc X\ AInt(A). That is, X \AcC
X\Bc ACI(X \ A) by Proposition 3.10. Since X \A is g-
A <closed, by Theorem 4.8, X \B is g-A -closed and B is
A -open.

Theorem 4.21. Let (X ,7) be a topological space
(X,7)and A:SO(X)— P (X)) be an s-operation. The
space (X ,7) is A-T,, if and only if Each singleton
{x} of X iseither A-closed setor A -open set.

Proof. Suppose {X} is not A -closed. Then by Proposition
410, X \{x}is g-A -closed. Now since (X ,7) is
AT, X \{X}is ﬂ—closedle {x }is A -open.

Conversely. Let A be any g- A -closed set in (X ,7) and
X ACI(A). By (2) we have{X} is A -closed or/l—o en.
If{X }is A -closed then X & A will imply X e ACI(A)\ A
which is not possible by Proposition 4.12. Hence
X € A.Therefore, ACI(A)=A, ie. A isA-closed. So
X,7)is A -T,,,. On the other hand, if {x} is A -open then
as XGZC|(A§ {X}NA#@P. Hence X gA. So Ais A-

closed.

5 (/1,7/) -Continuous and (1,7/) -Open Functions

In this section, some types of continuous functions via s-
operations are introduced and investigated. Several properties
of these functions are obtained.

Throughout, (X ,7), (Z,p) and (Y ,0) are topological
spaces and 4,77 and y are s-operations on the family of semi
open sets of the topological spaces re ectively.

Definition 5.1. A function T : (X ,7 f—) (Y ,0) is said to be
y ) -continuous, if for each X of X and each y -open

setV of Y containing f (X) , there exists a A -openset U of

X suchthat X €U and f (U)QV .

Theorem 5.2. Let f (X T ) - (Y ,G) be a function, then

fis (ﬂ, Y ) -continuous if and only if for each ¥ -open set

BinY ,f *(B)is A-openin X .

Proof, Let f be a(A,¥) -continuous and B €SO L), let
A =f *(B).We show that A is A -open in X For this, let
X €A, then it implies that f (X) € B. Hence, by hypothe-
sis, there exists A S SO X )such that X €A and

f (A)cB. Then A Cf_l(f (A)cf _1(B) A.
Thus A =U {A, :x €A§ It follows that A is A -open in
X.

Conversely, let X GX andB €SO (Y ) such

thatf (x)eB. Let A=f *(B). By hypothe51s, Ais 1-
open in X and also we have X €f "(B)=A as
f (x)eB. Thus, f (A)=f (f (B))<B. Hence f is

( ,7/) -continuous.

Theorem 5.3. Let f (X ,7) > ,0)be a function. Then
the following statements are equivalent:

(1) f is (4,7) -continuous.
(2) The inverse image of each ¥ -closed setinY isa A -
closed setin X .
3) ACI(f _1(\/ ) cf _1(7/C| V), foreveryV Y .
@ fUACIU)) < CI([ U)), forevery U < X..
6) ABd(f _l(\/ ) cf _l(]/Bd )), for every
V Y.
6 f(AdU)) <) CI({F U)), foreveryU < X .
@ fyIntv)cAnt(f 'V )), for every

V Y.

Proof. (1)=> (2): Let F <Y be y-closed. Since f is
1,7/) -Contmuous, _1(Y \F)=X\f _1(F) is A -open.
Therefore, f (F) is A -closed in X .
(2):)(3) Since Cl N )IS y closed for every V. Y , then
f- (]/C|1N ) . A -closed. . Therefore
ACIE V) <A1 (201§ ) =1 (7CW ).
B)=4): Let c X and
DOV ThenACl(F 2 )) 1 -1(;0@/)) Thus
JCIU)cACH(f X(F U)))<f (CI (f (U))) then we get
f (ACIU ) Cl(f V).
(4):>(2l Let W Y be a Y -closed set and

U= This implies that

).
f (IO (F U)=1CI (W W<, )W .

Thus ACIU)cf '(f (ACIU)) =f W )=U. So
U is A -closed.
(2)=(1): Let V CY be an ¥ -open set, thenY \V is y-

closed. Hence f- (Y \WV)=X \f _1N ) is A-closed in

X andso f ~ (\/)15}/0pen1nX

6= (7): Let V C Y then by hypothesis,

le (f° (V . This 1mpl1es that
f 14 )\ AInt (f ‘16/ % \ylnt(}/

Hence we get f Y(yInt (\/ )) cAnt(f ~V ))

(7) :> 5): Let V C Y then by  hypothesis,

f '(yintW )) c Ant(f )) Implies that
FAU WAL A ) o f -l(v J\E (INtW ) then

JBA(f W ) cf X

(1)=> (6): Since T is ,7/9/ —continuous and by (4), we
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have  f(ACIU)) < »CI(f (U))
Fea 052 S

for each U < X . So

(6):>(1) Let V be a y-closed subset of Y and let
'V)=W then by hypothesis,
f (d v ) < )). Thus

e w

f(ad(f (V))}C}’a(f VNIV )=V.
Hence, Ad(f V) < N ) so by Proposition 34,
f ') is A -closed set. Therefore, by part (2) of this theo-
rem f is(A, %) -continuous.
1)=>@):Let V.Y, then f (yInt{/ )) is A -open set in
X .Thus

_l ylntg\/ ) =Alnt f 7( ;/IntN N Ant(f ()). The
refore, (yInt ) c Alnt(f *¢)).
(7)=>@1): Let V Y  be an _y-open set. Then

f_l(\/) = f(yInt(V)) Mnt(( ). Therefore,
f ,

is A -open. Hence f is -continuous.

Proposition 54. If the functions T : (X ,7) > (Z, p) is
(A,77)" -continuous and g (z, p)—)(Y O') is (n,7).,-
continuous, then ¢of (X ,7)—>( O') is (4,7
continuous.

Proof Let V €SO, (Y ). Theng{ )eSO, (Z) and
f (g _1N )) eSO ()( ). This implies that
Therefore,

of S
(g of Z) NZ?)E—)(V1 O') is (ﬂ 7/) -continuous.

Definition 5.5. A function f (X ,7) > (Y ,0) is said to be
(A4,7) -open ((A,7) -closed ), if for any/l -open (A -
closed ) set A of X ,7), T (A)is y-open (y -closed ).

Theoremm 5.6. Suppose that , f (X T )—)(Y O') is
(ﬂ 7/) -continuous and ﬂ V4 —closed function, then:

(1) Forevery g-A-closedset A of (X T ) the image
f (A) isa { -y -closed set.
(2) Forevery g -y -closed set B of (Y O ) the inverse

setf ~ (B )isa {-A-closed set.

Proof. (1) Let V be any J -open set in(Y ,0) such that
f (A) CV . Then by Theorem5.2, f ~ 9/ ) 1sﬁ—open Since
Ais g-4 Closed and Acf (), we have
ACI(A) c f~ (V)and hence we getf (ACI(A) <V . BY
assumfphon f (ACI(A)) is a y-closed set. Therefore,
yCI( (A))C7C| (r (ACI(A)) =f (ACI(A)) V.

This implies that f (A) is g-y-closed.

2) Let U be any A -open set such that f (B)c U. Let
H = ACI (f _l(B ))ﬂ(x \U) Then H isA -closed in
(X T ) This 1mpl1es —closed set in Y .Since
f (H)=f (ACI (f ‘1(B)§mx (U

This implies that f

hence H =¢ . Therefore,
plies f (B) is g -A -closed.

= and since is a function,

ACI(f *(B))cU. This im-

Theorem 5.7. A function f :(X ,7) > ,0) is (ﬂ, 7/)*—
open if and only if f(/llnt(A)) cy Int(f (A))  for all
AcX.

Proof. Let AcC X andlet X € AlInt (A) Then there exists
U, ESOE(X) such that X EUX cA. So

f(x)ef U,) Cf (A) and othesis,
fU,) ESO . Hence f(X)ey Int (f (Ag; Thus
f (Alnt(A)) & 7/Int g (AQ
Conversely, let U &J ))) Then by hypothesis, we get

f (AIntU)) < yint(f Since AINtU )=U as U is

A -open. Also  yInt(f U)) <t U). Hence
fU)=yInt(f U)). Thus f U) is y-open in Y .So
f is (4,7) -open.

Theorem 5.8. A function f :(X ,7) —> (Y ,0) is gﬂ, y) -

open if and only if Alnt(f~ (B)) cf (;/Int(B ) for all
BcY.

Proof. Let BCY , since AInt(f (B )) is A -open set in
X and f is (l_, ¥) -open function , so (/tlnt (F *(B)))

is -0 set Y. have

f (Mnt{ (B)) cf (f _l(B))CB

Hencef (AInt (f B ))) cyInt(B)by hypothesis. There-

fore AInt (f (B))ct *(yInt (B)).

Conversely, let Ac X, thenf (A) <Y . Hence by hypoth-

esis, obtain
Alnt (A) < Ant (f 7 (f (A)))Cf TyInt(f (A)).  Im-
plies that

f (AInt(A)) < f (f ‘1(;/Int (f (A)))) < yInt(f (A)). Thus

f (AInt(A)) < yInt(f (A)),for all A <X . Hence, by
Theorem 5.7, f is Y ) -open.
Theorem 5.9. A functlonf (X, 7)o ,0) is (ﬂ Y )

open if and only if f~ (}/Cl (B)) c ACI(f _l(B)) for every

subset B of Y .
Proof. Let B Y and let Xef~ (}/C|(B)) then

f(X)E}/Cl(B) Let U €SO (X) such that X €U . By

pothesis, f (U)eSO (Y ) and f (x)ef U). Thus
?7 U)~B i? and hence U Nf - (B) #¢@. Therefore,
X e ACI (f we obtain

f (ClI(B)) < ﬁCl (f (8 ))

Conversely, let - BCY, then \B) Y . By hypothesis,
- (Cl ){ - /lCl (f _1(Y \B )R Implies that
VL ‘l(Y B) =X \f “(GCI{Y \B)).  Hence
X \ZCI (X \F *( B) Yo X \f ¢ \yInt(B)). Then
Alnt(f “(B)) <f *(yInt(B)). Now by Theorem 5.8, it
follows that T is (A, -open.
Theorem 5. 10 Let f:(X,0)>(Z,p) and
g (Z be two_, functions such that

& 7) —)(Y ,0) is ( ,7/) -continuous. Then:
(1) If gisa (77,]/) -open injection, then f is (i,?])*—
continuous.

) c j/Cl (B ) Nf (X \U ) c ﬂi)(af) ff\ﬁé a\@)?])* -open surjection, then { is (77, ]/)* -

continuous.
Proof. (1) Let U eSO (Z) S1nce g is /%77, 7/) -open, then
g (U ) eSO (Y ) Also srnce g of -continuous.

Therefore, we have (gof) (g u)) ESO (X ). Since Q is

an injection function, so we have

@-F) (gUN=( *og™)gU)=( )9 (gU))=F V).

Consequently f ~ 'U)is A-open in X .This proves that
is (ﬂ, 7]) -continuous.

(2) Let V €SO (Y ). Then (g of )_1N)ESO (X)) since
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? is (A, ) -continuous. Also f is (A4,77)" -open,
((gof)” N )) is 7-openinY . Since T is surjec-

tive, then:

F(gef) W)= o(gef )NV )=(f o(f *

Hence Q is (77,) -continuous.
Theorem  511.  Let f.X,7)>(Z.p) and
g:(Z,p) > ,0)are (4, 17)" ~closed ( resp. open ) and

(n, ]/) -closed (resp open) respectively. Then the composi-
tion function g of :(X ,7) > ,0) isa (ﬂ }/) -closed (
resp., (ﬂ,}/) -open ) function.

Proof. Obvious.

Theorem 5.12. A function f :(X ,7) > (Y ,0) is (ﬂ 7/)
closed if and only if yCI (f (A)) f (ACI (A)) for every
subset A of X

Proof. Suppose T is a (ﬂ }/) ~closed function and A is an

arbitrary subset of X Thenf is ¥ -closed set in
Y .Since f (A) <f (ACI(A)), we obtain
CI(E (A)) = (ACT(A)).

Conversely, suppose F is an arbitrary i -Closed setin X .By
hypothesis, ob-
ainf () <70l (f (F) f (A1 (F)) =f (F).

Hence yCl (f (F))=f (F).Thus f (F) is y -closed in Y .
It follows that f is i,j/ -closed.

Theorem 5.13. Let f :(X ,7) > (Y ,&) be a bijective func-
tion. Then the following statements are equivalent:

1) T is (1,7) -closed.

2 f is (1,7) -open.

@ f s (}/,ﬂ,)*—continuous.
Proof. (1)=>(2): Let U €SO,(X ). Then X \U is A-
closed in X .By(1), f (X \Uﬁ is y-closed in Y . But
f (X \U)= f&)\f(U) —Y'\f (U). Thus f U)is »-
openinY .This shows that f 15( Y ) -open,
(2)=> (3): Let A be a subset of X .Sincef is A, Y ) -open,
so by Theorem 5.12, f *(4Cl (f (A))) = ACI(f ~(f (A))). This

implies  that »CIL(f (A)) f (ﬂC|( ). Thus
WCHE D) ANS(E ) (ACT(A)), for al A cX.
Then by Theorem 3.1.6, it follows that f s (}/,/1)

continuous.
(3) 7> (1): Let A be an arbitrary A -closed subset of X .Since
is a (y,A) -continuous. Then by Theorem 3.1.6,

(f _l)_l(A) is y-closed in Y . But (f _l) (A)=f (A).
This means that T is (}/,/1) -closed.

Definition 5.14. A function f :(X ,7) > ,0) is said fo
be (i, Y ) -homeomoyrphism if it is bijective, vV
continuous and ,7/ -open.

Corollary 5.15.If f (X ,7) = (Y ,0) is a bijective function,
then the following statement are equivalent.

@ fis (1,7/)*—homeomorphism.

@ T (ACI(A))=,CI(f (A)) forall AcX.
@ ACI(f *(B))=f *(4CI(B)) forall B Y .
@ f (AInt(A))=yInt(f (A)) forall AcX.

G) Alnt(f *(B))=f *(yInt(B)) forall B Y .

Proof.(1) < (2). Obvious. Follows from Theorem 5.3 and

°g - ))N )(1)@ mr) é]lo%vs &/n? Thgore%g :3 and Theorem 5.9.

(1) <= (5). Follows from Theorem 5.3 and Theorem 5.8.
(1)< @). We have AINt(A)=X \ACI(X \A). Thus

f (ANt(A)) =Y \,CI(F (X \A) =Y \,CIY \f (A)) =Int(f (A)).

Theorem 5.16. Let f (X ,7) > ,0) be a (A4, }/)
continuous and (ﬂ, }/) -closed function. Then:

@) Iff isinjectiveand (Y ,0) isa y-T,, space, then
(X,7) isaA-T,, space.
@ Iff issurjectiveand(X ,7) isaA-T,, space, then

Y ,0) isay-T,, space.
Proof. (1) Let A be a §-A-closed set in(X ,7). To show that
Ais A-closed. By Theorem 5.6, we have f (A) is
g-y-closed. Since (Y ,o0) is y-T,,, T (A) jsa y-closed
set Sincef is 1n]ectlve and ’ 7/ -continuous,
_1(f (A))=A is a A-closed setin X .Hence (X ,7) is
a A-T,,, space.
(2) Let be a g-y-closed set in (Y ,0). By Theorem 5.6,
B (B) g-A- closed. Since (X ,7) is a A-T,, space,
f_ (B) is /1 closed. Since f s surjective and (1,y) -
continuous, T (f _l(B )=B is a y-closed set in Y.
Therefore (Y ,0) is y-T,,.
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